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CISC-102  
Winter 2020  

Week 9 Addendum 

More Fun with Pascal’s Triangle.  

50 3. Binomial Coefficients and Pascal’s Triangle

We can replace each binomial coefficient by its numerical value to get
another version of Pascal’s Triangle (going a little further down, to the
eighth row):

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1

3.5.1 Prove that Pascal’s Triangle is symmetric with respect to the vertical line
through its apex.

3.5.2 Prove that each row of Pascal’s Triangle starts and ends with 1.

3.6 Identities in Pascal’s Triangle

Looking at Pascal’s Triangle, it is not hard to notice its most important
property: Every number in it (other than the 1’s on the boundary) is the
sum of the two numbers immediately above it. This, in fact, is a property of
the binomial coefficients we already met, namely, equation (1.8) in Section
1.8: (

n

k

)
=

(
n − 1
k − 1

)
+

(
n − 1

k

)
. (3.2)

This property of Pascal’s Triangle enables us to generate the triangle
very fast, building it up row by row, using (3.2). It also gives us a tool to
prove many properties of the binomial coefficients, as we shall see.

As a first application, let us give a new solution to exercise 3.1.2. There
the task was to prove the identity

(
n

0

)
−

(
n

1

)
+

(
n

2

)
−

(
n

3

)
+ · · · + (−1)n

(
n

n

)
= 0, (3.3)

using the Binomial Theorem. Now we give a proof based on (3.2): We
can replace

(n
0

)
by

(n−1
0

)
(both are just 1),

(n
1

)
by

(n−1
0

)
+

(n−1
1

)
,
(n
2

)
by(n−1

1

)
+

(n−1
2

)
, etc. Thus we get the sum

(
n − 1

0

)
−

[(
n − 1

0

)
+

(
n − 1

1

)]
+

[(
n − 1

1

)
+

(
n − 1

2

)]
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We can prove this result using mathematical induction.  

(n
0) + (n + 1

1 ) + ⋯ + (n + k
k ) =

k

∑
i=0

(n + i
i ) = (n + k + 1

k − 1 )
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Theorem: Let m be any natural number, then  

 

for all Natural numbers n.  

Proof: We prove the result using induction on n.  

Base: For n = 1,  

(m
0 ) + (m + 1

1 ) + ⋯ + (m + n
n ) =

n

∑
i=0

(m + i
i ) = (m + n + 1

n )
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Induction hypothesis: Assume: 

 

for a fixed natural number k ≥ 1. 

Induction Step: We want to show that the induction 
hypothesis implies: 

 

Thus we have: 

 

         

(m
0 ) + (m + 1

1 ) = m + 2 = (m + 2
1 )

(m
0 ) + (m + 1

1 ) + ⋯ + (m + k
k ) =

k

∑
i=0

(m + i
i ) = (m + k + 1

k )

(m
0 ) + (m + 1

1 ) + ⋯ + (m + k
k ) + (m + k + 1

k + 1 ) =
k+1

∑
i=0

(m + i
i ) = (m + k + 2

k + 1 )

(m
0 ) + (m + 1

1 ) + ⋯ + (m + k
k ) + (m + k + 1

k + 1 ) = (m + k + 1
k ) + (m + k + 1

k + 1 )
= (m + k + 2

k + 1 )
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The Hexagon Identity: 

 

Algebraic Proof: 

 

 

(n − 1
k − 1)( n

k + 1)(n + 1
k ) = (n − 1

k )( n
k − 1)(n + 1

k + 1)

(n − 1
k − 1)( n

k + 1)(n + 1
k ) =

(n − 1)!
(k − 1)!(n − k)!

×
(n)!

(k + 1)!(n − k − 1)!
×

(n + 1)!
(k)!(n − k + 1)!

(n − 1
k )( n

k − 1)(n + 1
k + 1) =

(n − 1)!
(k)!(n − k − 1)!

×
(n)!

(k − 1)!(n − k + 1)!
×

(n + 1)!
(k + 1)!(n − k)!
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